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Abstract—Fractional abundances predicted for a given pixel
using spectral mixture analysis (SMA) are most accurate when
only the endmembers that comprise it are used, with larger errors
occurring if inappropriate endmembers are included in the unmixing process. This paper presents an iterative implementation
of SMA (ISMA) to determine optimal per-pixel endmember sets
from the image endmember set using two steps: 1) an iterative
unconstrained unmixing, which removes one endmember per iteration based on minimum abundance and 2) analysis of the
root-mean-square error as a function of iteration to locate the
critical iteration defining the optimal endmember set. The ISMA
was tested using simulated data at various signal-to-noise ratios
(SNRs), and the results were compared with those of published
unmixing methods. The ISMA method correctly selected the optimal endmember set 96% of the time for SNR of 100 : 1. As a
result, per-pixel errors in fractional abundances were lower than
for unmixing each pixel using the full endmember set. ISMA was
also applied to Airborne Visible/Infrared Imaging Spectrometer
hyperspectral data of Cuprite, NV. Results show that the ISMA
is effective in obtaining abundance fractions that are physically
realistic (sum close to one and nonnegative) and is more effective
at selecting endmembers that occur within a pixel as opposed to
those that are simply used to improve the goodness of fit of the
model but not part of the mixture.
Index Terms—Data processing, optimization methods, remote
sensing, spectral analysis.

I. I NTRODUCTION

I

N HYPERSPECTRAL imagery, the spectral signature of
each pixel commonly comprises the combined measured reflectance of components within the sensor’s field of view. Spectral mixing is a problem inherent to remote sensing data, and as
a result, few image pixels are spectrally “pure” [1], which complicates spectral identification and classification. This problem
can be addressed by linear spectral mixture analysis (SMA),
which classifies mixed pixels [2], [3] by deconvolving (unmixing) each pixel spectrum into fractional abundances of its
surface constituents or endmember spectra. Applying the linear
SMA to a given mixture requires that endmembers occur as spatially segregated patterns [4] with a multiple scattering involving several endmembers (nonlinear mixing) being negligible. If
this requirement is met, and the endmembers and their spectral
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tional abundances for each pixel using approaches such as, the
maximum-likelihood setup [5], constrained least-squares [6],
using endmember bundles to address endmember spectral variability [7], and using multiple endmember SMA (MESMA),
which addresses per-pixel endmember variability [8]. Examples
of the application of the linear SMA can be found in studies
by [9]–[14].
Commonly endmember spectra used for linear SMA are
selected from image data because: 1) available library and field
spectra were not necessarily acquired under the same conditions
as airborne or satellite image data; 2) important surface components may not be adequately represented in spectral libraries;
and 3) image endmembers have the advantage of being directly
associated with surface components detectable in the scene.
Selection of image endmembers that are good representations
of surface components is necessary for accurate unmixing. As
such, a number of image endmember extraction tools have been
developed and include a pixel purity index (PPI) [15], manual
endmember selection tool (MEST) [16], N-FINDR [17], optical real-time adaptive spectral identification system (ORASIS)
[18], convex cone analysis (CCA) [19], iterative error analysis
(IEA) [20], automated morphological endmember extraction
(AMEE) [21], iterated constrained endmembers (ICE) [22], and
vertex component analysis (VCA) [23].
Typically, the linear SMA is applied to each pixel using the
endmember set obtained from the full image. The number of
endmembers in this set can vary substantially [24] depending
on the spectral complexity of a scene, the spatial scale, spectral
resolution, and the number of bands in the image. Commonly,
this number is greater than the number of endmembers required
to unmix a single pixel in the scene. Abundances predicted
using linear SMA are most accurate when only the endmembers
that comprise a given pixel are used, with larger abundance
errors occurring when either too few or too many endmembers
are used [6], [25]. Fractional abundance errors owing to an
excess of endmembers can be reduced if the image endmember
set can be optimized on a per-pixel basis, where this optimized
endmember subset or pixel endmember set is more representative for the given pixel. Adopting linear SMA to account for
variability in the number of endmembers on a per-pixel basis
is the focus of this paper and should not be confused with the
endmember spectral variability, which is addressed in papers
by Bateson et al. [7] and Petron and Foschi [26].
To account for variability in the number of endmembers on
a per-pixel basis, the method presented in this paper makes use
of an iterative SMA (ISMA) to optimize the image endmember
set on a per-pixel basis. We first apply the ISMA to a simulated image comprising randomly generated mineral mixtures
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generated with a known image endmember set and with a range
of signal-to-noise ratios (SNRs). The use of simulated data
allows us to directly determine the accuracy of the per-pixel
sets predicted. The results show that the ISMA can effectively
select the most appropriate endmember set for each pixel. This,
in turn, results in more accurate abundance estimations than
achieved when the full image endmember set is used to unmix
every pixel. Finally, we apply the ISMA to a real hyperspectral
data set collected by the Airborne Visible/Infrared Imaging
Spectrometer (AVIRIS) sensor over Cuprite, NV.
II. B ACKGROUND
Linear spectral mixture analysis is based on the premise that
a given mixture can be modeled using a set of linearly independent endmember spectra. To deconvolve a spectrum into
fractional abundances of its constituent endmember spectra,
the following equation can be solved using a least squares
approach:
Rb =

n
!

Fi Sib + Eb

(1)

i=1

where Rb is the reflectance of the pixel at band b, Fi is the
fractional abundance of the endmember i, Sib describes the
reflectance of endmember i at band b, n equals the number
of endmembers, and Eb is the error of the fit at band b. The
least squares estimator used to solve (1) can generate fractional
abundances that are positive and negative. In this case, the
linear unmixing solution is said to be unconstrained and is computationally simplistic. Unconstrained unmixing is particularly
sensitive to the use of endmembers that are not part of the given
mixture, resulting in solutions that are not physically realistic
(e.g., negative fractions). If constraints are imposed, such that
fractional abundances sum-to-one (ASC), and fractional abundances are nonnegative (ANC), unmixing is computationally
more complex. The simultaneous implementation of ASC and
ANC is usually recommended to produce fractional abundances that are physically realistic [6]. The root-mean-square
(rms) error representing the “goodness of fit” for the modeled
spectrum compared to the image spectrum can be calculated as
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where rb and pb are the modeled and image spectrum values at
band b, respectively. k is the number of bands.
The concept of unmixing each pixel based on an optimal perpixel endmember set has been presented in papers such as, [3],
[8], and [27]–[29]. In [3] and [27], the authors made use of the
spatial association of pixels to that of endmembers in the image,
and in [28], a hierarchical and stepwise spectral unmixing was
presented. In [8] and [29], the unmixing process was used to
determine which endmembers from a candidate endmember set
are most appropriate to unmix a given mixture. The MESMA
described in [8] made use of a candidate endmember set com-

prising spectra of vegetation and soils measured in the field and
laboratory. For each pixel, the MESMA examined all possible
combinations of models of two and three endmembers from the
candidate endmember set. Endmember models were retained
if they met three criteria: 1) the rms error was below a preset
threshold; 2) the unmixing model had physically reasonable
fractions between −0.01 and 1.01; and 3) each band residual
did not exceed a predetermined threshold. It is possible that
more than one endmember model can meet the three criteria
of MESMA. This warrants additional steps to determine which
of the combinations is most appropriate. In [8], a subset of
models was selected, which provided an optimal areal coverage.
A problem arising from this approach is that multiple fractional
output maps can result from models with different numbers
of endmembers. In [30] and [31], a different approach was
suggested, whereby the endmember model with the lowest
rms error would be retained. This approach is reasonable if
the number of endmembers are fixed for each model [30].
However, if the number of endmembers is to be variable, then
the minimum rms error cannot be used. This is because, as
additional endmembers are added to the model, the rms error
will decrease, even if the endmember is not in the mixture [29]–
[31]. To address this problem, Li and Mustard [31] suggested
that the model with the fewest endmembers should be used if
the rms error is lower than the noise. In [32], the higher order
endmember model is retained if the rms error is 0.8% lower for
models with more endmembers. Evaluating all possible combinations, verifying if each model meets the three criteria, and determining which of the candidate endmember models is optimal
make the MESMA computationally intensive [8], [30]–[35].
In [29], high-resolution laboratory thermal emission spectra
were used to test a number of factors that affect the applicability
of the SMA, notably blind endmember input. It was recognized that endmembers with negative fractional abundances are
physically unrealistic and likely not part of the mixture. Thus,
their approach was to remove all endmembers with negative
abundance fractions and repeat the unmixing process on the
remaining endmember set until no negative abundances remain.
This iterative approach is computationally less intensive than
the MESMA, but it cannot detect endmembers with positive
fractions that are not part of the mixture. ISMA is an alternative
approach that integrates the iterative concepts used in [29] and
the change in rms as a function of the number of endmembers
[29]–[32]. The method does not require an examination of
all possible endmember combinations, thereby reducing the
computational complexity, and it can remove endmembers with
positive as well as negative abundances that are not part of a
mixture, thus obtaining the optimal per-pixel endmember set.
The following section describes the ISMA.
III. ISMA
Once an image endmember set has been determined using
one of the endmember extraction methods listed in Section I,
the ISMA can be implemented to determine the optimal perpixel endmember set and produce fractional abundance images
for each endmember. To account for changes in the geometry
of incident light caused by topography, a shade endmember was
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as the actual endmembers that comprise the mixture have not
been discarded. However, once one of the actual endmembers
is removed during the iterative process, the rms will increase
substantially because too few endmembers are available to
effectively model the mixture. This is the critical iteration and is
determined automatically by calculating the change in the rms
error (∆rms) starting from the last iteration until ∆rms is below
a preset threshold. ∆rms is calculated as
∆rms = 1 − (rmsit−1 /rmsit )

Fig. 1. Schematic representation of the ISMA. Input data sets include the
hyperspectral image and the derived image endmember set. Steps 1 through 8
are applied pixel by pixel. Part 1 (steps 1 through 4) of the ISMA iteratively removes the endmembers from the pixel endmember set based on minimum abundance until only one endmember and shade remain. Part 2 (steps 5 through 8)
of the ISMA determines the critical iteration from the rms profile generated in
Part 1. The optimal pixel endmember set is used to unmix the given pixel
spectrum, with results for all pixel output as endmember fractional abundance
images.

used in [2], [4], [8], and [10]. In [8], a uniform reflectance shade
endmember was used, which can be considered a neutral multiplicative scaling factor [4]. For the ISMA, a shade endmember
is also included with the image endmember set as it is assumed
that each mixture has some degree of shade. For each pixel in
the image, the implementation of the ISMA is in two parts: 1)
iterative unmixing to remove endmembers one at a time and
2) determining the optimal endmember set by analyzing the
change in rms as a function of the number of endmembers
(Fig. 1). The first step of part 1) is to apply unconstrained linear
unmixing using the pixel endmember set (step 2, Fig. 1). From
the unconstrained unmixing solution, the endmember with the
lowest abundance (positive or negative) is removed excluding the shade endmember, which is retained for all iterations
(step 3, Fig. 1). If the number of pixel endmembers remaining is
> 1 excluding the shade endmember, a new unmixing solution
is calculated with the remaining endmembers. The process
is repeated until one endmember and the shade endmember
remain. Unconstrained unmixing is used instead of constrained
unmixing, because as the endmember set for a given mixture
approaches the endmembers that actually comprise it, the predicted abundances should be similar to the actual abundances
and should sum close to one.
The second part of the ISMA involves an examination of
the change in the rms error over all iterations to determine
the critical iteration that uses too few endmembers (steps 5–7,
Fig. 1). The rms error should be variable but low, as long

(3)

where rmsit is the nth iteration rms value. The search process
begins with the last iteration because: 1) the actual number
of endmembers necessary to unmix each mixture is likely
much smaller than the maximum available and can be reached
quickly; and 2) minor rms variability observed for the first few
iterations may exceed the ∆rms threshold and prematurely stop
the process. ISMA also requires the ∆rms value to be below the
threshold for a predetermined number of successive iterations
before the process is halted. The optimal endmember set is then
determined to be the first of these successive iterations and is
used to calculate the pixel fractional abundances (step 8, Fig. 1).
The final outputs are endmember fractional abundance images.
For the ISMA, the maximum number of necessary unmixing
iterations per pixel is defined by the endmember set. For example, a set of ten image endmembers would require ten unmixing
iterations per pixel. In comparison, 375 unmixing calculations
would be required for each pixel to test all possible two-,
three-, and four-endmember combinations using the MESMA.
If the candidate endmember set becomes larger, the number of
unmixing calculations for ISMA increases linearly, whereas for
MESMA, the number increases significantly faster.
IV. T ESTING M ETHODOLOGY
To assess the applicability of the ISMA, we first examine
the accuracy of the selected optimal endmember set and the
resulting fractional abundances for simulated data described
in the next section. For this data set, per-pixel endmember sets
and fractional abundances are known, since they are used to
generate the mixed spectrum of each pixel, thus enabling a
direct comparison with estimated pixel endmember sets and
abundances. The average fractional abundance error (favg ) is
calculated as

favg =

m %
n
%

i=1 j=1

|aj − ej |
m

(4)

where n is the number of endmembers, m is the number
of mixtures in the image, and aj and ej are the actual and
estimated fractions for endmember j, respectively. The number
of endmembers in (4) can be variable, such that favg can be
calculated for a group or a single endmember. Equation (4)
can also be adjusted for m, such that favg can be calculated
for simulated mixtures that comprise any number of mixtures.
Errors in the fractional abundances estimated with the ISMA
are then compared with those obtained from least squares
unconstrained and constrained unmixing using all available
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image endmembers and using the approach in [29]. The fully
constrained unmixing approach in [36] was implemented using
the imaging spectrometer data-analysis system (ISDAS) [37]. A
direct comparison with the MESMA is not warranted as it will
be demonstrated that the ISMA can effectively select the correct
per-pixel endmember sets and obtain accurate abundance
fractions without the computational complexity of MESMA.
A second test is presented using AVIRIS hyperspectral data
for Cuprite, NV, an area where spectral endmembers have been
reasonably well documented (e.g., [38]), but where fractional
abundances are not known. To asses the fractional abundance
maps generated using the ISMA, results should be physically
realistic: 1) sum to one and 2) be nonnegative. Histograms of
the distribution of fractional abundances for individual endmembers and for pairs of endmembers are analyzed. These are
compared with the results from a fully constrained unmixing
using all available endmembers.

TABLE I
LIST OF ENDMEMBER SPECTRA (FROM USGS SPECTRAL LIBRARY [39])
USED TO GENERATE THE SIMULATED DATA SET. MINERALS WITH
MULTIPLE-ENDMEMBER (EM) SPECTRA ARE IN BOLD

V. H YPERSPECTRAL D ATA S ETS
A. Simulated Data Set
The simulated data set comprises 10 000 random linear mixtures generated from 29 mineral spectra obtained from the U.S.
Geological Survey (USGS) spectral library [39] and a shade
spectrum (Table I). The 420 bands of each spectrum span 0.4
to 2.56 µm with an average spectral resolution of 0.005 µm
(∼0.002 in the visible to ∼0.01 in the short-wave infrared).
Spectra for common rock-forming minerals were chosen including multiple spectra for actinolite, calcite, goethite, kaolinite, and muscovite (Table I). The latter were used to test the
robustness of the methodology to minor spectral variations of
the same mineral.
For each mixture, the combination of endmembers was randomly chosen. A shade endmember with a uniform reflectance
was included in all mixtures (1% of absolute reflectance). The
simulated data have an average number of ∼3.5 endmembers
for all mixtures. The minimum and maximum number of endmembers for the mixtures are 1 and 12, respectively (excluding
the shade endmember). The mixtures generated are mathematically correct but are not necessarily geologically realistic (e.g.,
occurrence of magnesium-rich olivine and quartz).
Noise was added to the random mixtures using a standard
normal distribution of randomly generated numbers. SNRs of
12 : 1, 25 : 1, 50 : 1, and 100 : 1 were used assuming a 50%
absolute reflectance. The outcome was four data sets, each
containing 10 000 mixtures at a specific SNR. The noise was
added using the following equation:
)
)
**
q(0, 1)
(5)
rb# = rb + M ∗
SNR
where r is the reflectance, q is a randomly generated number
with a mean of zero and a standard deviation of one, and
M is the assumed reflectance for the spectrum. For example, if the reflectance is given as a value between zero and
one, we can assign an additive noise based on an assumed
reflectance of 50% or M = 0.5. The SNR values used in this
paper are consistent with those used by Chang et al. [19],

[40], who used simulated data to test the constrained unmixing methods with the SNR ranging from 5 : 1 to 40 : 1; and
Plaza et al. [21] who used SNR of 10 : 1 to 110 : 1 to test
endmember extraction algorithms. When we test the unmixing
approaches with this data set, we use the same endmember set
as used for the creation of the simulated mixtures (Table I).
B. AVIRIS Cuprite Hyperspectral Data Set
The AVIRIS sensor has 224 channels over the 0.37- to
2.51-µm spectral range with an average spectral resolution of
∼10 nm. We use a 500 × 500 pixel subset of the June 19, 1997
Cuprite calibrated data set available from the USGS. This data
set has an average SNR of 100 : 1 at most wavelengths [41].
Of the 224 atmospherically corrected channels, we use 167
over the 0.4- to 2.42-µm spectral range. Channels not used are
primarily associated with H2 O and OH absorption features near
1.4 and 1.9 µm.
VI. R ESULTS
A. Example for One Mixture
For the simulated data multiple ∆rms values over successive
iterations were tested, with a ∆rms threshold of 5% over
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Fig. 3. Average rms profile for all mixtures at SNRs of 100 : 1, 50 : 1, 25 : 1,
and 12 : 1. On average, each pixel can be effectively modeled with three to four
endmembers.
Fig. 2. Graphical representation of the rms error as a function of the number
of iterations for (a) mixture of five endmembers showing critical point at
iteration 25 (it25 ) and (c) local minima at it27 −it28 . Note the rms variability
for the early iterations where an excess of endmembers is used to unmix the
given mixture. (b) and (d) show a comparison between the actual endmember
abundance (solid line) and the estimated abundance for it1 (all endmembers)
and it25 (critical point), respectively. Note the negative and false positive
abundances in (b) for the endmember set used in it1 , which is equivalent to
the results from an unconstrained unmixing using the 29 available endmembers
and shade listed in Table I. Note that the abundances using the endmembers at
(d) it25 are within < 0.01 of the actual fractions and sum to 0.98.

two successive iterations giving the best results. Fig. 2 shows
the spectrum of a single mixture and the spectra of the fiveendmember mineral spectra at an SNR of 500 : 1 [Fig. 2(a)] that
comprise it. The first unmixing iteration (it1 ) with the ISMA
uses the 29 endmembers listed in Table I as image endmembers
plus shade. Fractional abundances for each endmember for
it1 are shown in Fig. 2(b). Although there is a reasonable
estimation of the abundances for the actual endmembers comprising the mixture, the endmembers that are not part of the
mixture have positive and negative abundances. The rms error
is calculated for it1 [Fig. 2(c)], which is followed by the removal
of the endmember with the lowest abundance, in this case,
endmember 24 [refer to Fig. 2(b)]. The process continues until
one endmember remains excluding shade. Given the iterative
nature of the ISMA, erroneous endmembers are removed first,
and those endmembers that comprise the mixture are retained.
Examination of the change in rms error through all iterations
[Fig. 2(c)] shows that the rms is relatively stable until it25 .
After it25 , the endmembers that comprise the actual mixture
begin to be removed, and the rms error increases substantially.
Iteration 25 is labeled the critical point on Fig. 2(c) and marks
the critical iteration between having too many and too few
endmembers, which defines the optimal endmember set for
the mixture. Requiring ∆rms to be below the given threshold
for two successive iterations ensures that the critical point is
not mistaken as it28 , a local minimum. A comparison of the
predicted abundances at it1 [Fig. 2(b), 30 endmembers] and it25
[Fig. 2(d), critical point with optimal set of five endmembers
plus shade] illustrates the impact of an appropriate selection of
endmembers on the error in endmember fractional abundance.
The fractional abundances at it25 are within 0.01 of the actual
abundances and sum to 0.98.

B. Results for Simulated Data
1) RMS Profile Characteristics: Fig. 3 displays the average
rms error as a function of iteration for all mixtures at each
SNR. This figure illustrates the consistent characteristics (e.g.,
critical point) of the rms profiles. The profiles show that the
predicted average number of endmembers required to unmix
each mixture is between three and four, which is consistent
with the actual average for the simulated data sets. The profiles
for the individual mixtures have three principal characteristics:
1) minor rms variability over the first few iterations; 2) stable rms over the midrange iterations until the critical point;
and 3) substantial increase in rms after the critical point. We
observe two exceptions to the characteristic rms error profile:
1) instances with no substantial increase in rms and 2) a
local minimum after the rms increases substantially [refer to
Fig. 2(c)]. The first case is observed for mixtures that comprise
only one endmember. The second may be attributed to the order
of endmember removal and the actual abundance fraction of a
given endmember to the mixture.
2) Proportion of Correctly Selected Endmembers: For each
mixture, the endmembers selected by the ISMA and the method
used in [29] are compared with the actual endmembers used in
the simulation, and a proportion of correctly selected endmembers calculated (proportion correct = #correct/#selected). At
high SNR (100 : 1), the average proportion of correctly selected
endmembers for all mixtures was 96% using ISMA (Table II).
This value drops to 83.8% at an SNR of 12 : 1. The method used
in [29] resulted in values ranging from 46.3% to 38.9% for these
SNR values. On average, the number of endmembers underestimated by the ISMA was 0.24 to 1.31 at SNR of 100 : 1 and
12 : 1, respectively. The method used in [29] fared more poorly
and overestimated the actual number of endmembers by a factor
of two at each SNR. For both methods, the number of endmembers missed increases with a decreasing SNR. Unconstrained
and fully constrained unmixing methods are not included in
Table II, as each uses all 30 endmembers to process the data.
3) Average Fractional Abundance Errors: Equation (4) was
used to calculate the average fractional abundance error (favg )
for the simulated data at each SNR, where n = 29 (all endmembers excluding shade) and m = 10 000 (all pixels). ISMA
resulted in lower favg at all SNR compared with the method
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TABLE II
AVERAGE NUMBER OF ENDMEMBERS SELECTED, PROPORTION
CORRECTLY SELECTED, AND AVERAGE NUMBER OF ENDMEMBERS
MISSED FOR ISMA AND THE METHOD GIVEN IN [29]. VALUES ARE
REPORTED AS AVERAGES FOR ALL MIXTURES AT A GIVEN SNR

Fig. 5. Average fractional abundance error at an SNR of 50 : 1 for each
endmember for all mixtures for the method used in [29]; constrained and
unconstrained unmixing using all endmembers; and the ISMA. The inset
includes the results for the unconstrained unmixing approach (refer to Table I
for the mineral corresponding to the endmember number).

Fig. 4. Average fractional abundance error between the actual and estimated
abundances for all endmembers and pixels calculated for the method used in
[29]; constrained and unconstrained (inset) unmixing using all 30 endmembers;
and the ISMA.

used in [29] and fully constrained unmixing with the exception
of constrained unmixing at an SNR of 12 : 1 (Fig. 4). All three
methods have average fractional abundance errors that are significantly less than that of the unconstrained unmixing method
at all SNR (Fig. 4 inset). The results demonstrate the impact of
unmixing using the correct endmembers for each mixture.
When favg is calculated for each endmember (n = 1, m =
10 000), the average fractional abundance error for all mixtures
shows a dependence with respect to the given endmember
(Fig. 5). The largest error is observed for endmembers with
few or no spectral features (#3 albite, #6 anorthite, and
#24 quartz) (Fig. 6). This is consistent with least squares theory
in that in cases where endmembers are similar or featureless,
the endmember matrix will be ill conditioned. For these three
endmembers, the results do not enable the selection of a
better method among the constrained, ISMA, or the method
used in [29]. Endmembers with numerous spectral features
consistently display a low fractional abundance error (e.g.,
#4 almandine, #5 alunite, and #29 zoisite). These endmembers
have a lower error for the ISMA than for the fully constrained
approach and the method used in [29]. Similar characteristics
are observed for the three methods at all SNR investigated,
with errors increasing as the SNR decreases.
At a SNR of 100 : 1, the sum of fractional abundances
obtained from the ISMA ranged from 0.95–1.05 for 89% of the
mixtures, and this value fell to 76%, 58%, and 37% at SNRs
of 50 : 1, 25 : 1, and 12 : 1, respectively (Fig. 7). The number

Fig. 6. Selection of endmember spectra with differing spectral contrast.
Endmembers with numerous spectral features (almandine, alunite, and zoisite)
result in low fractional abundance errors (Fig. 5), whereas high fractional
abundance error is associated with endmembers with few spectral features
(albite, anorthite, and quartz).

of mixtures that had negative fractional abundances was nine,
six, seven, and seven for data sets with SNR of 100 : 1, 50 : 1,
25 : 1, and 12 : 1, respectively. Of these, only one mixture
showed a negative fractional abundance exceeding 0.01. These
results show that the ISMA can produce physically realistic
abundance fractions for the majority of pixels by correctly
selecting per-pixel endmember sets, particularly at higher SNR.
This is accomplished without the need to impose abundance
nonnegative and sum-to-one constraints (ANC and ASC).
4) Dependency of the Error on the Number of Endmembers
in the Mixture: Fig. 8 shows the average fractional abundance
error as a function of the number of endmembers in the simulated mixtures. Pixels that comprise 10, 11, and 12 endmembers
were excluded from this analysis because they are represented
by too few mixtures (seven, two, and one, respectively). For
the constrained unmixing method and the ISMA, favg increases as more endmembers are included in the mixture. For
the unconstrained unmixing method, the error remains stable
[Fig. 8(a) inset] but is significantly larger than for the other
two methods. At higher SNR, the ISMA performs better than
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Fig. 7. Histogram distribution of the sum of fractional abundances obtained
from the ISMA for each of the 10 000 mixtures at SNRs of 100 : 1, 50 : 1, 25 : 1,
and 12 : 1.
Fig. 9. Average fractional abundance error for mixtures containing multiple endmembers for the same mineral (refer to Table I). Act = actinolite,
cal = calcite, goe = goethite, kao = kaolinite, and mus = muscovite.

< 0.05). For larger abundances (e.g., > 0.1), the error decreases
and approaches that of the constrained unmixing method. This
change in error as a function of actual abundance is not observed in the constrained unmixing results.
C. Results for the AVIRIS Cuprite Data Set

Fig. 8. Average fractional abundance error as a function of the number of
endmembers in a given mixture for SNR of (a) 100 : 1, (b) 50 : 1, (c) 25 : 1, and
(d) 12 : 1. Unconstrained unmixing included in inset of (a) for an SNR of 100 : 1.

the constrained unmixing method when fewer than seven endmembers comprise a mixture with half the error when mixtures
comprise 3–5 endmembers. At an SNR of 12 : 1, the only
improvement observed is for mixtures with fewer than three
endmembers. For both methods, the lowest error occurs if a single endmember comprises the mixture regardless of the SNR.
These results clearly demonstrate the direct influence of the
number of endmembers on the predicted fractional abundances.
5) Dependence of the Error on Multiple Endmembers for
the Same Mineral: The average fractional abundance errors
obtained from the constrained and ISMA methods were compared for mixtures that included multiple endmembers of the
same mineral (e.g., muscovi1.spc and muscovi2.spc). Overall,
the constrained unmixing method resulted in lower fractional
abundance errors than the ISMA method at low SNR (< 50 : 1).
At higher SNR, the difference in the errors between both
methods was small and on the order of 0–0.01 (Fig. 9). For
the ISMA method, the highest errors occur when one or both
of the similar endmembers have low fractional abundance (e.g.,

A total of 30 endmembers were extracted from the AVIRIS
Cuprite data set using the IEA [20] extraction tool available in
ISDAS [37]. Of the 30 endmembers, two were noisy spectra
and were removed from the list. A shade endmember with a
uniform reflectance of 1% absolute reflectance was used rather
than the darkest pixel in the image, because the later had an
average reflectance of 14% and a notable spectral shape. The
remaining endmembers were used to unmix the data including
spectra with similar overall shape but with subtle variations
over specific spectral regions. For the Cuprite data, a number of
∆rms threshold values were tested including the 5% value used
for the simulated data. However, a ∆rms threshold of 15% over
two successive iterations was found to be more appropriate for
the real data set.
A visual comparison of the fractional abundance maps generated using the ISMA and a fully constrained unmixing shows
a similarity in the broad spatial distribution of abundance
fractions with more noticeable differences occurring locally or
between endmembers with similar spectral features (Fig. 10).
The ISMA fractional abundance maps are also consistent with
validated mineral maps produced using Tetracorder for the data
set [38]. For the ISMA fractional abundance maps, 98.9% of
the pixels are nonnegative and 93% sum to < 1.01 (excluding
shade) (Fig. 11). Of the pixels that sum > 1.01, only 1.4%
(3565 pixels) sum to > 1.1. Histograms of the fractional abundances for each endmember show that low abundance values
dominate the fully constrained unmixing solution [Fig. 12(a)].
These low abundances are attributed to endmembers being
used to improve the goodness of fit of the model, but these
are likely not part of a given mixture. This is based on a
knowledge of the spatial distribution and characteristics of the
known minerals and mineral assemblages in the area derived
from existing work, such as in [38]. For example, a number of
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Fig. 12. Histograms of fractional abundance values for each endmember for
(a) fully constrained and (b) ISMA unmixing results of the Cuprite data set.
Note that vertical and horizontal scales are different for the two plots.

Fig. 10. Selected endmember fractional abundance maps for a subset of the
image. (Left) Fully constrained unmixing and (right) ISMA. (a) Chalcedony 1,
(b) Kaolinite, (c) Alunite 1, (d) Buddingtonite, (e) Chalcedony 2, (f) Montmorillonite, (g) Alunite 2, and (h) desert varnish. Images are linearly stretched
from 0 to 0.5.

Fig. 11. Histogram showing the distribution of a total fractional abundance
(excluding shade) for fully constrained and ISMA unmixing methods using the
Cuprite hyperspectral data.

known minerals in the region are spatially confined to alteration
zones (e.g., buddingtonite and chalcedony) and not distributed
evenly throughout the image. Yet, the analysis of the abundance
histograms and abundance images for fully constrained unmixing indicates a large number of pixels with low-abundance
values (e.g., < 10%) that are distributed outside these alteration
zones. For fully constrained unmixing, 96% of the pixels are
modeled by ≥ 5 endmembers in contrast with 37% using the
IMSA. Fig. 12 also shows that the frequency distributions of
endmember fractions are not truncated when calculated using
the ISMA. For ISMA, multimodal distribution is observed,
and there is also a distinctive shift to higher mean fractional
abundances. This may be attributed to fewer endmembers being
used to model each mixture, where each endmember contains a
spectral information that is relevant to the given mixture.
Geological map units are defined in part based on characteristics of their mineralogy and mineral abundance. The fractional

Fig. 13. Scatter plots of fractional abundances obtained using (left) fully
constrained unmixing and (right) ISMA. (a) Kaolinite and Alunite 1, (b) Alunite
1 and 2, and (c) Chalcedony 1 and 2 (refer to Fig. 10). Note the vertical and
horizontal scales in the left and right columns and ISMA results that include a
few negative and > 1 values.

abundance maps show the nonrandom spatial distribution of
minerals (Fig. 10). Scatter plots of fractional abundances for the
selected region shown in Fig. 13 also reveal useful information
for mapping, particularly for results obtained from the ISMA.
In the case of the ISMA results, the scatter plots reveal clusters
of pixels with similar mineral abundances corresponding to
mappable units [e.g., Fig. 13(c)]. The same scatter plots for
the fully constrained results lack well-defined clusters, and the
abundances are predominantly low, reducing their value as a
mapping tool.
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VII. D ISCUSSION
The results of this study provide a comparison of per-pixel
endmember sets and abundance determination obtained from
the ISMA and other unmixing approaches. For the simulated
data, the variable of greatest impact on each of the unmixing
methodologies is an SNR, which is not unexpected. The ISMA
outperformed the other methods at SNR > 50 : 1, a value
exceeded by current airborne systems (e.g., AVIRIS, HyMAP),
which have published an SNR averaging > 1000 : 1 in the visible and > 500 : 1 in the shortwave infrared [41], [42]. SNR for
the Hyperion satellite hyperspectral sensor is as high as 100 : 1
in the visible, but ranging from 50 : 1 to 25 : 1 in the shortwave
infrared depending on the date of acquisition [41]. With an
SNR approximating 50 : 1, the ISMA should still be effective
for selecting the optimal endmember set and reducing errors in
fractional abundances. The simulated data results also indicate
the impact of the number of endmembers that comprises a given
mixture on the errors in the estimated fractional abundances.
At SNR > 50 : 1, the ISMA has lower errors in fractional abundances if fewer than six endmembers comprise the mixture with
the greatest improvement for 3–4 endmembers. The number
of image endmembers comprising a pixel will fluctuate as a
function of the scene and the spatial resolution of the image.
However, it is reasonable to assume that this number will
typically be less than seven endmembers (excluding shade), but
likely closer to three or four. As such, the ISMA is particularly
well suited to unmix the majority of pixels using existing
hyperspectral sensors.
The ISMA exploits the characteristic variation in rms errors
as a function of the numbers of endmembers utilized to solve a
mixture. The rms error profiles have consistent characteristics
independent of SNR, specifically the critical point that rarely
corresponds to the lowest rms error. The consistent pattern of
the rms-error profiles allows for a high degree of confidence
in using the ∆rms for selecting the critical point and, in turn,
the optimal endmember set. However, based on the analysis
of the simulated data, if endmembers have very low fractional
abundances, the rms error increase after the critical point may
be minimal and may impact the search for the critical point. In
such circumstances, if the ∆rms parameter is set too high, the
ISMA will underestimate the number of endmembers. On the
other hand, decreasing the ∆rms may cause an overestimation
of the number of endmembers in other mixtures. The parameters used for the simulated data gave accurate results, though
on average slightly underestimated the number of endmembers.
For the real data set, it was observed that a slightly higher ∆rms
performed best. Thus, further analysis is required to determine
what parameters are optimal for most data sets. However, based
on the design of ISMA, once an rms profile has been generated,
multiple fractional abundance maps can be created for various
∆rms without the necessity of repeating the iterative unmixing
process.
The rms profiles also show that the rms error is low for the
midrange of iterations prior to the critical point suggesting that
the corresponding endmembers do not have a great influence on
the modeled mixture but do minimize the rms error by adjusting
for subtle spectral detail and noise. This characteristic may
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explain why the method used in [29] consistently overestimates
the number of endmembers, where for each mixture, there
exists a set of endmembers with positive fractional abundances
that reduce the rms error but are not part of the mixture.
If incorrect endmembers are retained, the error in fractional
abundance increases for the correctly selected endmembers.
Thus, we suggest that the critical point is a better representation
of the optimal endmember set than just considering negative
abundance fractions.
Determining the critical point from the rms profiles is computationally insignificant compared to the unmixing process.
For ISMA, the computational load is controlled by the number
of unconstrained unmixing iterations required to build the rms
profile. Thus, the computational load is directly dependent on
the number of endmembers in the given scene. This is also the
case for MESMA, but as the number of endmembers increases,
the number of mixing combinations increases substantially,
whereas for ISMA, the increase is linear. In addition, the
MESMA is affected by the number of endmembers comprising
a pixel, such that if endmember combinations ≥ 4 (excluding
shade) are required, the computational complexity becomes a
burden. For ISMA, the number of endmembers in each pixel
has no effect on computational efficiency. ISMA represents an
alternative to MESMA, in which the ISMA has the capability of
correctly selecting per-pixel endmember sets and producing accurate abundance fractions while at the same time significantly
increasing computational efficiency and operational simplicity.
It is noted here that the MESMA was originally designed to
run using an appropriate endmember library derived from field
and laboratory spectra [8], whereas the ISMA is designed to run
using image endmembers.
Endmember extraction algorithms commonly retrieve a
larger number of endmembers that include noisy spectra and
spectra with similar overall shape. Noisy spectra are generally
easy to identify and can be removed from the list. In the case
of similar spectra, determining which endmembers should be
retained for unmixing can be more problematic. Inherent to
ISMA is its ability to complete this task automatically, but more
importantly, it is designed to do this on a per-pixel basis.
Depending on the image, a complete endmember set may not
be possible. Missing endmembers will have a similar effect on
the ISMA rms profile as the removal of actual endmembers
through the iterative process. However, the increase in rms
attributed to the missing endmember will occur across the
profile. Missing endmembers will likely reduce the fractional
abundance accuracy regardless of the unmixing approach.
Missing endmembers may in part explain the necessity in this
study to increase ∆rms for the real data. However, additional
simulated tests are necessary to verify the full effects of missing
endmembers.
In order to obtain physically realistic fractional abundances
(nonnegative and summing to one), unmixing methodologies
have focused on imposing ANC and ASC. However, using
the ISMA, no constraints were required to obtain physically
realistic fractional abundances for both the simulated and real
data sets. This is a result of effectively selecting the optimal
per-pixel endmembers sets and demonstrates the importance of
using the correct endmembers to unmix individual pixels.
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The results for the Cuprite data set are interesting in that
both fully constrained and ISMA result in physically realistic
abundance fractions (sum to one and nonnegative) and show
similar map patterns of abundances, yet, the two differ with
respect to abundance values and their histogram distributions.
Most notable are two interrelated differences: 1) the number of
endmembers used to model each pixel and 2) a shift to higher
mean abundances for ISMA results. The first difference is key,
in that for fully constrained unmixing, additional endmembers
are used to reduce the residual error. This results in a high proportion of pixels with low abundance fractions. For ISMA, endmembers are only retained if their spectra contain information
that can significantly reduce the rms error, which results in each
endmember comprising a reasonable fraction of the mixture.
Although the fractional abundances cannot be verified without
ground truth data, the ISMA allows for a better discrimination
of those endmembers that are likely to occur within a given
pixel, as opposed to those that simply reduce the residual error.
Selecting accurate per-pixel endmember sets is particularly
important for minimizing errors in mapping. The abundance
and presence of endmembers that comprise a large fraction of a
given pixel are easily determined, but an endmember that comprises a small fraction of a pixel is more problematic, and its
presence may be missed. These cases are of particular interest to
users as the accurate selection of per-pixel endmember sets can
significantly impact the ability to map the spatial distribution
of an endmember of interest.
One topic that was not addressed in this study but should
be briefly mentioned is the issue of endmember uniqueness
and variability in the context of multispectral systems. For
hyperspectral and multispectral systems, the number of possible
unique endmembers is determined as the number of bands
plus 1. For multispectral systems such as Landsat, which generally have less than seven statistically independent dimensions,
the number of unique endmembers is restricted and will likely
be fewer than what occurs in the scene. The forced restriction
to a few spectral components does not allow for a proper
consideration of the spectral variability related to intraclass
differences. Thus, the solution for ISMA, as with any other
unmixing algorithms, will be underdetermined.
VIII. C ONCLUSION
The results of this study illustrate that the ISMA methodology developed in this paper is an effective tool to account for the
per-pixel variability in image endmembers necessary to unmix
individual pixels. Based on the analysis of simulated data, the
method correctly selects the optimal endmember set 96% and
83.8% of the time for SNRs of 100 : 1 and 12 : 1, respectively.
The accurate selection of an optimal endmember set at a high
SNR (100 : 1) reduces errors in fractional abundances compared
to that obtained from unmixing using the full endmember set.
At an SNR of > 50 : 1, the ISMA produced results with fractional abundances that sum close to one and are not negative.
Compared with an unconstrained unmixing, the ISMA significantly reduces fractional errors. The ISMA produces lower
abundance errors compared with fully constrained unmixing
for physically realistic mixtures (e.g., < 7 endmembers) at an

SNR lower than that of available airborne sensors and consistent with that of satellite hyperspectral sensors. Compared
with the method used in [29], the ISMA removes endmembers
with low positive abundance fractions that are not part of a
given mixture, thus minimizing false detection.
The results for the Cuprite data set show that both fully
constrained and ISMA result in physically realistic abundance
fractions with similar map patterns, yet they differ with respect
to the abundance values and their detailed distribution. This
difference is a result of ISMA only retaining endmembers that
contain spectral information that is relevant to the given mixture
and not noise. This impacts the ability to map the spatial
distribution of an endmember of interest.
ISMA and MESMA are designed with the same objective
in mind, with the key difference between the two being computational complexity. Although the MESMA has been shown
to produce good results, the computational complexity of the
method [8], [30]–[35] is a major drawback. The results from
this study have demonstrated that selecting the correct per-pixel
endmember set and producing accurate abundance fractions
can be accomplished using the less computationally intensive
ISMA method. It has also been shown that imposing constraints
on the unmixing process to obtain physically realistic solutions
is not a necessity if an accurate per-pixel endmember set is used.
The ISMA method is straightforward, easy to implement, and
has minimal user input.
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